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ABSTRACT 

Why is space 3-dimensional? The first answer to this question, entirely based 
on Physics, was given by Ehrenfest, in 1917, who showed that the stability re- 
quirement for n-dimensional two-body planetary system very strongly constrains 
space dimensionality, favoring 3-d. This kind of approach will be generically 
called "stability postulate" throughout this paper and was shown by Tangher- 
lini, in 1963, to be still valid in the framework of general relativity as well as 
for quantum mechanical hydrogen atom, giving the same constraint for space- 
dimensionality In the present work, before criticizing this methodology, a brief 
discussion has been introduced, aimed at stressing and clarifying some general 
physical aspects of the problem of how to determine the number of space di- 
mensions. Then, the epistemo logical consequences of Ehrenfest's methodology 
are critically reviewed. An alternative procedure to get at the proper number 
of dimensions, in which the stability postulate (and the implicit singularities in 
three-dimensional physics) are not an essential part of the argument, is proposed. 
In this way, the main epistemological problems contained in Ehrenfest's original 
idea are avoided. The alternative methodology proposed in this paper is realized 
by obtaining and discussing the n-dimensional quantum theory as expressed in 
Planck's law, de Broglie relation and the Heisenberg uncertainty relation. As a 
consequence, it is possible to propose an experiment, based on thermal neutron 
diffraction by crystals, to directly measure space dimensionality. Finally the dis- 
tinguished role of Maxwell's electromagnetic theory in the determination of space 
dimensionality is stressed. 



Subject headings: space; space dimensionality; atom; Schrodinger equation; atomic 
stability. 
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1. Introduction 

In this paper we discuss the dimensionality of space as a physical problem. 

At first sight this problem could be approached, in a fruitful way by simply asking the 
question: why is space three-dimensional? However, on second thought, it is clear that this 
formulation is narrow minded since the three-dimensionality of space is assumed as something 
given a priori perhaps by our sense organs, especially vision. We shall come back to this 
point later, but now it suffices to say that our interaction with the external world (via our 
vision) is essentially electromagnetic and that Electromagnetism implies a three-dimensional 
world, as we will see below. Now, in Physics we are not restricted to our direct experience 
of the external world, i.e., to our sensory perception. So we can investigate the problem 
in a much more profound way by freeing ourselves from our sensory prejudices and trying 
to answer the following complementary questions: i) How does it become manifest in the 
fundamental laws of Physics that space has 3 dimensions? ii) How do the fundamental laws 
of Physics entail space dimensionality? These two questions will be discussed throughout this 
paper both by critically reviewing the existing literature and by proposing new approaches 
to this problem. 

Some readers may find somewhat "unpleasant" in this paper the several digressions and 
some apparently "unnecessary" repetitions. We hope that this feeling will disappear by the 
time we come to the conclusions, with the realization that these digressions and footnotes 
are indeed necessary and that, often, they are there to clarify points which would, otherwise, 
remain somewhat obscure. In this perspective, they are, in fact, fundamental to our final 
discussion. 

Before proceeding and entering more deeply into our subject we must first clarify some 
points which more plainly define our conceptual framework. We begin by considering that 
the dimensionality of space is not a contingent feature. To accept this means that one must 
search for a general methodology capable of determining it. A fundamental ingredient is 
necessarily the possibility of thinking about higher dimensional space, which is provided by 



the w orks of Lobacevskij, Bolyai, Gauss, Cayley, Grassmann, and Riemann Jammer. M 



(119541 )]. but as we will see below this is not sufficient. Although at early times the physical 
soundness of this kind of generalizations was continuously questioned^ there is nowadays 
a kind of general consensus that theories in higher dimensions (when supplemented with 



1 An example of criticism where the three-dimensionality of space is considered as a contingent feature can 
be found, for example, in Mach E., Die Mechanik in ihrer Entwicklung historisch-kritisch dargestellt, Leipzig, 
1883, Italian Transl., by A. D'Elia, La Meccanica nel suo sviluppo storico-critico, Torino, Boringhicri, 1977, 
pp. 479-80. 
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dimensional reduction) may provide a promissing framework for a deeper understanding of 
very high-energy physics. However, it is clear that the very fact of imposing the process 
of dimensional reduction in a given higher dimensional theory is equivalent to assuming a 
priori the dimension number 3 as a natural property of space, which is just what we are 
querying. To the best of our knowledge, there is as yet no satisfactory and unambiguous 
answer to the problem of dimensional reduction in the framework of these theories, even 
when the so called spontaneous compactification process is taken into account El Thus we 
need to propose some physical argument to introduce another fundamental ingredient which, 
together with the former, will allow us to start the discussion of whether this number is indeed 
3 - but not necessarily to determine it. This ingredient will be provided by the realization 
that a particular physical law i s intima t ely de pendent on the number of space dimensions. 



Historically, Kant's conjecture Kant, il (117471 )] that the three-dimensionality of space may. 



in some way, be related to Newton's inverse square law has, indeed, opened a new way for the 
study of the problem of space dimensions. The main contribution of this conjecture to this 
problem is thus the suggestion that it can also be treated as a physical problem and does not 
belong exclusively to the domain of mathematics. It is relevant to stress here that, in spite 
of the importance of this conjecture, its physical support (if any) is yet to be understood. 

Usually a third (and decisive) ingredient is always required to suggest a method which 
effectively connects the number of dimensions to some physical property. This is the most 
delicate part of any method one can propose for discussing the problem of spatial dimensions, 
which will be carefully examined throughout this paper. Here, only the physical aspects of 
this problem are discussed and, in particular, epistemo logical consequences of Ehrenfest's 
methodology aimed at fixing the number of space dimensions base on the so called "stability 
postulate" (see Section [2]) are critically discussed. Some of the fundamental ideas related to 
the physical nature of this problem and to the question of the physical relevance of spatial 



2 It is shown that spontaneous dimensional reduction in any Kaluza-Klein theory always yields a com- 
pactified extra space. However, without and adjustable cosmological constant, the scale of the ordinary 
four-dimensional space-time is the same order of magnitude as that of the compactihed space. Cf. Tosa, Y., 
"Spontaneous dimensional reduction in Kaluza-Klein theories", Phys. Rev. D30 (1984) 339; See also Crem- 
mer, E. and Scherk, J., "Spontaneous compactification of space in an Einstein- Yang-Mills-Higgs model", 
Nucl. Phys. B108 (1976) 409. Now for illustrating the present difficulties on this subject, concerning super- 
string theory, we can quote Ferrara's words: " 'Super 'string are 10- dimensional theories of one- dimensional 
extended objects, so their relation to the physical world is only possible if they undergo a mechanism of spon- 
taneous compactification fron D = 10 to D = 4 dimensions. The study of spontaneous compactification of 
the fully fledged superstring theory is a formidable task to achieve, since it requires the knowledge of the full 
second- quantized version of the interacting theory." Cf. Ferrara, S. "Matter Coupling in Supergravity" , in 
Superstring and Supergravity - Proceedings of the Twenty- Eighth Scottish Univ. Summer School in Physics, 
A.T. Davies and D.G. Sutherland (eds.), Oxford, Univ. Printing House, 1985, p. 381. 
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dimension - treated fr o m different poi n ts of view Poincare. Hi ( 119131 )]. Biichel. Wl (119631 )] . 



Griinbaum. Al ( 11974] )]. Barrow. J.Dl ( 119831 )] - will also be briefly reviewed in Section [2] 



but, before discussing any principle that could be used to determine space dimensionality, 
we would like to say that we are convinced that it is impossible to disentangle questions 
concer ning this subject fro m some kind of formalism representing a physical law. As Jammer 
put it [Jammer. Ml ( 119541 )]. 



"... Hence it is clear that the structure of the space of physics is not, (■■■), 
anything given in nature or independent of human thought. It is a function of 
our conceptual scheme." 

This means that we accept that the physical concepts and the concept of reality itself 
acquire sense only within a theoretical construction where they can be discussed and real- 
ized. When the problem of space dimensions is considered, we must carefully examine the 
consequences of this fundamental point. Although this point has, in fact, motivated several 
works on the problem of spatial dimensions, it is in itself, at the same time, one of the main 
difficulties for the discussion of the problem, because the three-dimensionality of space is 
not questioned a priori when a physical law is established. This essential difficulty would 
be bypassed if we are able to prove the validity of the physical law in question whatever the 
number of spatial dimensions under consideration, rather than simply postulating it. The 
main aim of this paper is exactly to develop this point. 

Concerning the origin of the results one may arrive at by discussing the problem of 
the number of dimensions in the way prescribed above, there is a straightforward and very 
important consequence we would like to emphasize, namely: the mathematical structure of 
the formalism one is considering (or simply a given physical equations) is the causa formalis 
of the constraint obtained on the number of space dimensions. Actually we tend to consider 
this as the unique approach to start discussing the problem of space dimensionality and this 
is essentially related to Jammer's idea recalled above. Thus this epistemological limitation 
seems to be inherent to this problem ( so far as we understan d it) and, in a certain sense, is 



well illustrated by Grassmann's words Grassmann. Hi ( 118781 )]: 



"The concept of space can in no way be produced by thought, but always stands 
over against it as a given thing. He who tries to maintain the opposite must 
undertake the task of deducing the necessity of the three dimensions of space from 
the pure laws of thought, a task whose solution presents itself as impossible. " 

This paper is organized as follows. In Section [2] the present status of what we can learn 
from the formal extension of the number of space dimensions is discussed. Particular atten- 
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tion is given to Ehrenfest's and Weyl's contributions to this subject. A brief comment on the 
reality criterion associated with the "extra dimensions" in theories at higher dimensions is 
also presented in this Section [2J As a result of the criticism of the use of the "stability pos- 
tulate", carried out in Section [31 an alternative approach to get at the proper dimensionality 
of space is presented in this same Section. In Section @] it is shown how the task proposed 
in Section [3] can be carried out by considering a particular transition 3ft 3 — > 3ft n for the case 
of the black body phenomenology. This enable us to "demonstrate" the validity of the de 
Broglie relation for any 9ft n . This is the basis of Section where thermal neutrons diffraction 
by crystals is presented as an example that completes the procedure proposed in Section |3j 
An upper limit for the dimensionality of space is therefore obtained. Some conclusions are 
drawn in Section [6j 



2. What one expects to learn from the transition 3ft 3 — >■ 3ft r 



As a first exam ple, we can quote Ehrenfest's fundamental papers [Ehrenfest. Pi (119171 )] 



Ehrenfest. Pi (ll920f )]. There, several physical phenomena, where qualitative differences be- 
tween three-dimensional (3ft 3 ) and other n- dimensional (3ft n ) spaces were found, have been 
discussed. These aspects, which distinguish the 3ft 3 Physics from the 3ft n one, are called by 
him "singular aspects" and his works were aimed at stress in g them. A crucial a ssumption 
is built in the main ideas contained in Ehrenfest. Pi (Il917l )]. Ehrenfest. Pi ( )1920l )]. namely, 
that it is possible to make the formal extension 3ft 3 — > 3ft n for a certain law of Physics and, 
then, find one or more principles which, in conjunction with this law, can be used to single 
out the proper dimensionality of space. For this approach to be carried out, in general, the 
form of a differential equation - which usually describes a physical phenomenon in a three- 
dimensional space - is maintained and its validity for an arbitrary number of dimensions is 
postulated. For example, the Newtonian gravitational potential for a 3ft n -space, V(r) oc r 2_n , 
is the solution of the Laplace-Poisson equation, 



A d 2 V , 

in an n-dimensional space. Based on this general solution, Ehrenfest has used the postulate of 
the stability of orbital motion under central forces to get at the proper number of dimensions. 
In Ehrenfest's approach this additional postulate acts, therefore, as the causa efficiens of the 
dimensionality of space. It is just this part of his method the object of the criticism in 
Section 3. 



-6 - 



This general procedure is also followed in the work of Whithrow [1955, 1959]. The 
importance of this approach was noted by Tangherlini [1963, 1986] who proposed that, 
for the Newton-Kepler (N.K.) problem generalized to 3ft n space the principle to determine 
the spatial dimensionality could be summarized in the postulate that there should be stable 
bound states orbits or "states" for the equation of motion governing the interaction of bodies, 
treated as material points. This will be generically called from now on, the stability postulate. 
In his first paper [1963], Tangherlini showed that the essential results of the Ehrenfest- 
Whitrow investigation are unchanged when Newton's gravitational theory is replaced by 
general relativity. In this same paper, the Schrodinger equation for the hydrogen atom in 
n dimensions is also considered. The above postulate, in conjunction with the assumption 
that the fields produced by the nucleus asymptotically approach a constant value at "large 
distances", gives n = 3 in both cases. Thus the three-dimension ali ty of space d i scusse d 
within the framework of Newtonian mechanics 



Whitrow. G.Jl (119551)] or general relativity Tangherlini. F.R 



Ehrenfest. Pi ( 



9171)]. [Ehrenfest. Pi (1192Q[ )] 



(119631 )] . and also quantum 



mechanics |Tangherlini. F.R] (jl963f )] (using a Coulombian potential), seems to be a result 
valid for a very large range of spatial scale - we will return to this point in Section |6j This 
briefly reviews how the "stability postulate" is used to throw some light on the problem of 
spatial dimensions. 

From another point of view, these attempts based on stability arguments belong to 
a class of arguments epistemologically different from that contained in the work of Weyl 
[1918, 1919, 1952], which we shall briefly review here. His basic approach was to con- 
struct a new unified theory of gravitation and electromagnetism based on a gauge-invariant 
non-Riemannian geometry. In this scheme, Weyl pointed out that there is a strong re- 
lation between the metric structure of space-time and physical phenomena, which could 
lead to a deeper understanding of Maxwell's electromagnetic theory as well as of the four- 
dimensionality of space-time. Weyl showed that only in a (3+l)-dimensional space-times 
can Maxwell's theory be derived from a simple gauge-invariant integral form of the action, 
having a Lagrangean density which is conformally invariant. This could be considered as an 
example of how a set of physical phenomena, here synthesized by Maxwell's theory, could be 
used to impose some restrictions on the dimensionality of spaced The structure of Maxwell 
equations and the gauge principle are, respectively, the causa formalis and the causa efficiens 
of the four- dimensionality of space-time. The two essentially different (although complemen- 



3 Indeed, this result is based on classical arguments and one can argue that this is not the only example. 
In fact, one gets the some constraint on n when extending Weyl's approach to classical Yang-Mills theory 
- Yang, C.N and Mill, R.L., "Conservation of Isotopic Spin and Isospin Gauge Invariance", Phys. Rev. 96 
(1954) 191. 
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tary) features of Ehrenfest's and Weyl's methodology can be summarized as the difference 
between the two following questions: (i) How does it become manifest in the fundamental 
laws of Physics that space has three-dimensions, and (ii) How do the fundamental laws of 
Physics entail spatial dimensionality? All work based on the "stability postulate" hinges on 
the former question because the constraint on n is reached as a consequence of a "singular 
aspect" of a physical law that is supposed to be still valid under the transition 3fJ 3 — > 5i n . 
The latter is implicit in Weyl's work where the structure of Maxwell theory cannot be main- 
tained3 if n 7^ 3. The second question can be well illustrated by the concluding paragraph of 
Tangherlini's paper [1963], where he says: with further work, we may come to regard n = 3 
as an eigenvalue. 

However, even from a classical point of view, Weyl's demonstration of the four dimen- 
sionality of space-time is not complete: the gravitational law should also be derived from the 
same requirements of invariance as for electromagnetism. The point is that although Weyl's 
unified theory is a good place for giving ans answer to the problem of spati al dimensions, it 



should b e mentioned that this theory has been criticized in the literature Bergmann. P.G 



(119421 )]. Dirac. P.A.Ml (119731 )] . In any case, in order to consider complete such kind of 



demonstration, today we must clearly take into account also strong and weak interactions. 
We will turn later to this point at the end of this Section. 

Other attempts to create a geometry in which the gravitational and electromagnetic 
potentials together w ould determine the st ructure of space were carried out. An example is 
Kaluza-Klein theory Kaluza. Thl (ll92lf )]. Klein. Ol ( 119261 )] - which is presently enjoying a 
great revival of popularity in connection with the modern theories of supergravity - where 
the number of components of the metric tensor was increased by changing the number of 
spatial dimensions. A fifth dimension was added to the usual four dimensions of physical 
space-time. In the work of Kaluza, the a priori four- dimensional character of the physical 
world is assumed when the author looks for a suitable choice of coordinates, in such a 
way that the components of the metric tensor be independent of the fifth coordinate. In 
other words, this coordinate has no direct physical significance. Thus it is quite clear that 
this kind of approach to a unification program could not lead to a satisfactory answer to 
the problem of spatial dimensionsjf] However it should be said that an argument aimed 



4 What inner peculiarities distinguish the case n — 3 among all others ? If God, in creating the world, 
chose to make space 3-dimensional, can a reasonable explanation of this fact be given by disclosing such 
peculiarities?, cf. Weyl, H. in Philosophy of Mathematics and Natural Science, revised and augmented English 
transl., by O. Hclmer, Princeton, Princeton Univ. Press, 1949, p. 7 . Wey l has shown that electromagnetism 
plays such a particular role; cf. ibid. pp. 136-37 and ref. Weyl. HI (|1918l )]. 

5 See footnote 2. 
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at showing that a necessary condition for a unified field-theoretic description of gravity 
and electromagnetism implies that the world be four-dimensional, as discussed by Penney 
[1965]. The four dimensionality of space-time is also required by Schonberg [1971]. In this 
interesting work and electromagnetic foundation for the geometry of the world-manifold is 
proposed. Einstein's gravitational equation appears as complementing the set of Maxwell 
equations, giving rise to a natural fusion of the electromagnetic and gravitational theory. 
The electromagnetic theory is formulated in a differentiable manifold devoid of any metric 
and affine structure. In this formulation there is no a priori relation between F^ v and 
F* v , involved in the homogeneous and non-homogeneous Maxwell equations, respectively. 
The foundation of the four-dimensionality of the world-manifold (space-time) is given by 
the structure of the Maxwell equations in terms of two basic tensors F^ v and F* , which 
are both antisymmetric covariant of the same order. It is important to stress that, in this 
approach, the four-dimensionality of the space-time is essentially associated to the differential 
electromagnetic equations, without any consideration about the relation between F^ v and 
F* v and without requiring a metric-space as in Weyl's work. 

There are other attempts to unify not only electromagnetic and gravitational forces but 
all the fundamental forces, considering space-time with a high number of d imensions as, for 



examp le, supergravity or the t en-dimensional space-time superstring theory Van Niewenhuysen. P 



(Il98ll )]. Schwarz. J.Hl (119851 )] . But, whenever the problem of space-time dimensionality is 



considered in the framework of these (super-) theories, we face the problem of the physical 
reality of these "extra" dimensions. Independently of any particular theory, as pointed out 
by Mansouri and Witten [1985], 



"if we wish to take the physical existence of the extra dimensions seriously, we 
must develop a systematic method for studying the effects of the extra dimensions 
(...) Since there is no evidence for the existence of the extra dimensions at the 
shortest distance which can be probed at present, it [any such method] must explain 
how this can be attributed to some intrinsic property of a higher dimensional 
theory. It must [also] provide a quantitative method for studying the consequences 
of the dependence on the extra dimensions. " 



Complementing this picture we can always ask whether the ten-dimensional superstring 
theory, for example, can tell us, in a straightforward and unambiguous way, that we are 
living in a ("almost flat") four dimensional space-time. The fundamental question is: why 
dimensional reduction? Up to now, the answer to this question, i.e., the four-dimensionality 
of the physical world-manifold, is yet, in the last analysis, an ad hoc ingredient in these 
theories. 
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On the other hand, it was shown Barrow. J.Dl ( 119831 )] that only for space-time dimen- 
sionality greater than four, the fundamental constants of electromagnetism (e), quantum 
theory (h), gravity (G) and relativity (c) are all included in a single dimensionless constant 
- which should have, in a unified theory, a similar role to that played by the Sommerfeld 
constant e 2 /He in the quantum electrodynamic theory. Thus the apparent necessity of going 
to a high dimensional space-time, in order to carry out the unification program, brings with 
itself the problem of how to explain all the well-known phenomenological manifestations of 
the four- dimensionality of space-time in the framework of this new theory, and the question 
of the reality of the "extra-dimensions" : both are clearly still open questions in Physics. 



3. Criticism of the use of stability postulate 

We can ask if the "stability postulate" - applied to the N.K. problem or hydrogen atom - 
is actually a good choice for deriving the spatial dimensionality or not; or more specifically, if 
we can really prove that n = 3. We understand that the use of this postulate enables us only 
to exclude the possibility of having a class of natural phenome na in a space other than our 



own, with an arbitrary dimension, as pointed out by Poincare Poincare. Hi ( 119171 )] . Then, 
when we consider the example of the hydrogen atom, as described in Section El the results 
obtained from that postulate must be stated as follows: there is no 9ft n other than 9ft 3 where 
the phenomenon under study is described by a generalized Schrodinger equation that has the 
same form as in the case n = 3, and whose solution is also stable - and that is all. Indeed, 
when Ehrenfest used the Bohr atomic model for the hydrogen atom, the stability of matter 
in three dimensions was already assured by the postulate of angular momentum quantization, 
and this justifies the term also underlined above. The fact is that he could not have used 
Rutherford's model - which is clearly unstable in 9ft 3 - plus the stability postulate to derive 
the number of dimensions as being just 3. Thus n = 3 is a priori favored in this case. Apart 
this feature, it is clear that it is only when the formalism, previously generalized to an n- 
dimensional space, presents a singular behavior under this generalization, that the "stability 
postulate" can be used as a method to fix the proper dimensionality of space. The range of 
applicability of the "stability postulate" is therefore strongly restricted to a very particular 
class of formalisms. Moreover, these two intrinsic characteristics of this method clearly do 
not solve the essential difficulty discussed in Section 1 and, from the epistemological point 
of view, show that the use of the "stability postulate" to fix n is not satisfactory. 

We can now ask if we cannot imagine a phenomenon or a physical state that could only 
be stable in an 9ft n with n > 3, but described by an equation having the same form as in 3ft 3 , 
and analyze the consequences of this assumption. For example, we can ask why we do not 
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observe in a Stern-Gerlach [1922] experiment the dissociation of a beam od spin 1/2 particles 
in more than two lines. Or, in other words, is the stability of these particles (e.g. electrons), 
described by a Dirac equation, a manifestation of a particular space dimensionality? Particles 
having higher spin must be unstable in 3ft 3 , while stable in some 3ft n ^ 3ft 3 and so, having a 
mean lifetime so small in three dimensions, this kind of experiment could not be carried out. 
This conjecture could indicate that if the "stability postulate" were applied to the evolution 
of a massive spin 3/2 particle, described by a (hypothetical) Dirac-like equation, the number 
of spatial dimensions derived could be greater than 3! This is an example where the results 
obtained by using the "stability postulate" do not depend on the form of the equation but, 
instead, on what kind of object this equation describes. 

The alternative principle we want to propose may be stated as follows: "Given a formal- 
ism in a certain dimension, (usually three) we must, based upon its fundamental equations, 
ask whether other forms (or equations) are valid in a higher n-dimensional space for all n, 
rather than simply postulating the validity of the same formalism in a different dimension" . 
In other words we shall not be concerned only with formalisms which are singular in a certain 
n (usually three). On the contrary, we shall look for situations which do not present those 
singularities. Then this alternative principle could be used to discuss the spatial dimen- 
sionality (Section HJ). It will certainly describe several phenomena and their observability 
could not be used for that purpose. It is clear, however, that in this case, the constraints 
obtained will be weaker than those obtained when the "stability postulate" or the search for 
singular aspects of the transition 3ft 3 — > 3ft n are considered. Nevertheless, this procedure has 
the advantage that we can guarantee a priori that the fundamental law, used to describe a 
certain kind of phenomenon, is valid for any 3ft n , which is not possible in other procedures as 
pointed out in Section [TJ Then, when this alternative procedure is applied we can conclude: 
the dimensionality of space is a number included in a certain range - 3 need not a priori be 
favored. 

4. Black body phenomenology: a non singular aspect of the transition 3ft 3 — > 3ft n 

There are several physical laws in which the dimensionality of space affects the results, 
but the transition 3ft 3 — > 3ft n does not have a "singular" behavior, and thus these laws were 
not discussed in the works of Ehrenfest [1917, 1920]. An example is Wien's law which, in 
its generalized formal becomes p = u n F(u/T). However, we would like to point out that, 



6 It should be noted that this generalization follows purely from the validity of thermodynamics in -ft™, 
leaving the explicit form of F(v/T) open. See also footnote 8. 
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although this transition has no "singularity", the black body phenomenology extended to 
3ft n contains an important feature that must be emphasized. Indeed we can use it in order 
to "demonstrate" the validity of the de Broglie relation in other 3ft n , as will be shown now. 

If we assume Planck's energy quantization to determine the explicit form of the function 
F, we still find that the energy of a quantum is eo = hu, for any 9ft n . This is easily seen if we 
remember that the energy eigenvalue of the Schrodinger equation for the harmonic oscillator 
gives Planck's result up to the ground state energy. The transition to 9ft n only changes 
this energy value from 3hu/2 to nhu/2, and then Planck's hypothesis is still valid, i.e., the 
quantum energy is proportional to the first power of the frequency v. We note that this 
result clearly depends on the classical potential energy V = kx 2 /2 used in the Schrodinger 
equation, and a brief digression about it is necessary. 

When a spring is displaced for the equilibrium position, we learn from the experiment 
that, for small displacements, the restoring force is proportional to the displacement, and 
that is all. It does not matter in which direction the displacement takes place and the 
problem can be called a quasi one-dimensional problem. The result is the same in one, two 
or three dimensions and this is quite different from the Newtonian-Kepleria n potential, for 



which a qualitative difference among 9ft 3 and 9ft n exists Ehrenfest. Pi ( 119171 )] 



Ehrenfest. P 



(119201 )] . Thus we can expect from induction that the form of Hooke's potential could be 
the same for all 9ft n . However, even if this is not true, but if the generalized potential has 
a minimum, we can always approximate it by the harmonic potential, in the case of small 
oscillations, whatever 9ft n is considered (a particular case of Morse theorem). After this note, 
we can turn back to the original problem. 

We can still assume that the energy trapped in a cavity (a model for a black body) 
corresponds to the energy of a collection of "photons" which must satisfy Einstein's relation 
M 2 = g l ivV ll "P v i generalized to 9ft n - it is the same kind of generalization made for the 
potential energy, where only the number of components of the metric (the scalar product) 
was increased. By imposing that a quantum must also satisfy the above relation, it follows 
immediately that the de Broglie relation A = h/p is valid in any 3ft n , because Planck's 
quantization law did not change. Thus we can also conclude that, as the de Broglie relation 
is exact in any 9ft n , the momentum p of the particle cannot be a function of i ts coordinate x 



and so we should expect that Heisenberg's uncertainty relations are also valid Blokhintsev. D 



( 1198 lh ] . This result, in a certain sense, properly supports the initial generalization of the 
Schrodinger equation, a sit should be expected that the equivalence between Heisenberg's 
and Schrodinger's pictures must be maintained for other 9ft n . This feature is a self-consistency 
test for this generalization, which, to our knowledge, has not been used in the past literature. 

So, it has been shown in this Section that even though the transition 9ft 3 — > 9ft n does not 



-12- 



show "singular" aspects, there is a case in which we can still perform it (justified a posteriori) 
and conclude something about the validity of other physical law in 3ft n . The advantage of 
this procedure was already discussed in Section 3. 

We will now apply the result of this Section to a particular physical effect - the possibility 
of having thermal neutron diffraction by crystals in a 3ft n space. It is essentially explained by 
the de Broglie hypothesis and then an upper limit for spatial dimensionality will be obtained, 
based on the general arguments presented in Section 3. 



5. Thermal neutron diffraction by crystals as a means for obtaining an upper 

limit for spatial dimensionality 

It is well known t hat a thermal neutron beam f alling onto a crystal lattice gives rise t o 
diffraction phenomena Dunning. J.R. et all ( 119351 )]. Mitchell. P.P. and Powers. P.Nl ( 119361 )] 
- known as "neutron diffraction" - analogous to those observed when we use incident X- 
ray beams. The passage of thermal neutrons through matter gives rise to scattering pro- 
cesses which are most readily unde rst ood in term s of th e wave properties of the neutrons 



Goldbereer. M. and Seitz. Fl ( jl936h ]. [Bacon. G.El (119621 )]. (Wilkinson. M.K.. Wollan. E.O. and Koehler 



( 11961I )]. We define as "thermal" a neutron whose kinetic energy corresponds to the mean 
energy of thermal agitation at temperature T. Usually we can write p 2 /2m ~ 3KbT/2, 
where the factor 3 arises when we consider 3ft 3 -space and only 3 degrees of freedom, corre- 
sponding to translational motion, are assumed for the neutron, i.e., by hypothesis, one does 
not take into account any internal degree of freedom. Therefore, if we assume the energy 
equipartition theorem to be still valid for an 3ft"-space, each degree of freedom will contribute 
with KgT/2 and the factor 3 should be replaced bjQ n. 

Since the classical thermodynamics laws do not show singular aspects concerning the 
3ft 3 3ft™ transition^ it is still possible to thermalize a neutron beam in an 3ft n -space. Thus 
the de Broglie wavelength associanted to the neutron is A = h/p, where p ~ (nm/ceT) 1 / 2 . 
From now on A will be considered as a function of both the dimensionality of space and 



7 Here we are identifying space dimensionality with its number of translational degrees of freedom. 

8 Assuming time to be one-dimensional (as always assumed in this work) and "flowing" in a definite 
direction. However, the statement made in the text seems to be no longer true if one tries to develop a ther- 
modynamical theory in the framework of general relativity. Cf. Stueckelberg, E.C.G., "Thermodynamique 
dans un continu, riemannien par domaines, et theoreme sur le nombre de dimensions (d < 3) de l'espace" , 
Helv. Phys. Acta 26 (1953) 417; Stueckelberg, E.C.G. and Wanders, G., "Thermodynamique en Relativite 
Generale", ibid 26 (1953) 307. We thank Dr. M.O. Calvao for pointing out to us these references. 
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neutron velocity ("temperature"), with n being a parameter to be determined. The starting 
point is, therefore, that neutron thermalization may occur in a n-dimensional space. The 
subsequent process - neutron diffraction - simply acts as the detection of something that has 
hap pened inside a nucle ar reactor, for example. To measure A use will be made of Bragg's 
law [Bragg. W.lI jl013h ]. 

If d represents the grating spacing the condition for coherent reflection is given by 
Bragg's law 



2d sin # = £\, 



1,2,3, 



For diffraction patterns to be observed, the wavelength must be of the order of magnitude 
of the mean distance between crystallograph i c Bra gg planes (which in 3ft 3 -space are given 
by the so called Miller indexes [Phillips. F.Cl (119461 )] . easily generalized to 9R n ), but cannot 
exceed 2d. In this case Bragg's law has no solution for integer i and there in no diffraction 
pattern. 

The distance d can be measured by using X-ray techniques and thus is independent of 
the dimensionality of space, i.e., for X-rays the relation p ~ (nrnfegT) 1 / 2 , valid for massive 
particles (as neutrons, helium atoms, hydrogen molecules etc.), is obviously not valid any 
longer. 



We can then conclude that, in an 3? n -space, diffraction gratings Jenkins. F.A. and White. H.E 



(119371 )] do exist - the spacing grating being independent of n - and it is possible to thermalize 
a neutron beam. However, it is still possible to "measure" n even in the limiting case where 
a "one- dimensional crystal" is used as a "rod" because A is, by definition, "one dimensional" 
and the knowledge of n comes through the measure os A. Thus the above requirement that 
diffraction gratings exist in 3ft n seems to be superfluous. In any case, the 3-dimensionality 
of the macroscopic crystal does not necessarily say anything about the space dimensionality 
of the microscopic characteristic length of thermal neutron production. This information is 
carried out by the neutron and will be revealed by the crystal lattice. To make the point, 
we are taking into account the possibility that the space dimensionality may be dependent 
on the spatial scale (or energy scale) we are probing. 

In its application to solid state problems, neutron diffraction is similar in theory and 
experiment to X-ray diffraction but, in fact, regarding some particular aspects, th e y could be 



consid er ed as two complementary techniques IGoldberger. M. and Seitz. Fl (119361 )] , [Bacon. G.E 



( 119621 )]. [Wilkinson. M.K.. Wollan. E.O. and Koehler. W.Cl (I1961f )]. The experimental ap- 



paratus we will conside r cons ist s of a monochromatic neutron beam (obtained with usu al 
techniques |Bacon. G.eI f jl962h ]. jwilkinson. M.K.. Wollan. E.O. and Koehler. W.cMl96lh ]) 
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and a crystal. The mean distances between the Bragg's planes are measured by using X-ray 
techniques. Given a certain crystal one tries to determine the larger value of these distances 
which, in general, lies on an axis of symmetry of the crystal. The neutron beam is then 
sent on the crystal in such a way that it will be diffracted by the parallel planes having as 
relative distance the aforementioned value. The advantage of this procedure will be soon 
understood. 

It is well known from optics that, even when the number of slits in a diffraction grating is 
not very large, the intensity of secondary maxima in the diffraction pattern is mu c h redu ced, 



compared with the intensity of principal maxima Jenkins. F.A. and White. H.El (119371 )]. In 
the case of neutron diffraction by a crystal one has a very large number of "slits" - the mean 
intervals between atoms - which, clearly, renders difficult the experimental observation of a 
high order spectrum. But this does not mean that they could not be observed in principle. 
From Bragg's law it follows that to have a second order spectrum we must have A < d; for a 
third order one we need A < 2d/3, and so one. The condition for having a diffraction pattern 
with only the £-th. order spectrum is, therefore, 2/(£ + l) < X/d < 2/£. The possible ranges 
for the neutron wavelength are then always different and this is an important point, as we 
will see now. 

Suppose one can vary (increase) the number of spatial dimensions for a given constant 
temperature; for example from n = 3 to n = 12. As A is proportional to 1/y/n, this 
corresponds to dividing the wavelength by a factor 2 and, therefore, it is equivalent to going 
from a spectrum of order i to one of order 21. This fact, naturally, strongly suggests that one 
should observe the first order spectrum, as far as one is looking for an upper limit for n. We 
can, thus, perform a gedanken experiment where it is possible to prepare a monochromatic 
neutron beam satisfying the condition d < X < 2d, by varying the neutron velocity and, 
consequently, A, which assures us that no higher order spectra are presented in the diffraction 
pattern other than the first one. Only if one can change A by a factor 2 and still have the 
same order diffraction pattern is one sure that it is the first order spectrum that is observed, 
because we must remember that we are taking n as an unknown quantity. After being sure 
that this is the case, we can then use the relation A = h(nmKBT)~~ l l 2 for determining n. 
Therefore, we can conclude that the observation of thermal neutrons diffraction, under the 
condition d < A < 2d, can be used to measuffl „. 



9 Another recent proposal for measuring the number of dimensions of space-time, which leads to a fractional 
dimension, can be found in: Zeilinger, A. and Svozil, K., "Measuring the Dimension of Space-Time", Phys. 
Rev. Lett. 54 (1985) 2553. Cf. also Miiller B. and Schafer A., "Improved Bounds on the Dimension 
of Space-Time", Phys. Rev. Lett. 56 (1986) 1215; "Bounds for the Fractal Dimension of Space, 
preprint n. UFTP 147/1986 (to be published in J. Phys. A. Some consequences of a modification of Newton's 
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We shall now analyze the available experimental data. It is known from X-ray measure- 
ments that a typical value for d in a crystalline solid is d > 10~ 10 m and the characteristic 
temperature is T « 300 K. For neutron beams, from what has been said above, both values 
are independent of space dimensionality. This is the fundamental fact that allows us to use 
d < X < 2d, which gives us the approximate limit n < 5. For a fixed value of the tempera- 
ture, one may ask whether a particular crystal whose d value is such as to test n = 3 does 
exist. 

The wave aspect of the phenomenon discussed in this Section might lead to supplemen- 
tary restrictions on the value of n. 

In classical physics, diffraction effects can be explained on the basis of a wave theory 
by the application of Huygens' construction together with the pri nciple of inter f erence . In 



\2n 



-space it is well known that Huy gens' principle does n ot hold [Hadamard. J I (119031 )] . It 



should also be noted that Hadamard [Hadamard. J I (119231 )] has shown that the transmission 



of wave impulses in a reverberation-free fashion is possible only in space with an odd number 
of spatial dimensional and, in these cases, Huygens' principle is valid for single differential 
equations of second order with constant coefficients. However, Hadamard's conjecture states 



that this theorem holds even if the coefficients arc not constant Courant. R. and Hilbert. D 



(119621 )]. The Huygens' principle in then expected to be valid in any 3ft n -space where n is 
odd. Now we shall assume that the classical results discussed in this paragraph remain 
valid when we consider the diffraction of matter by crystals - traditionally explained by de 
Broglie's hypothesis within quantum mechanics^ This point is far from trivial and is now 



and Coulomb's laws, introduced by assuming a non integer value for the spatial number of dimensions, are 
examined in: Jarlskog C. and Yndurain F. J., "Is the Number of Spatial Dimensions and Integer?" , Europhys. 
Lett. 1 (1986) 51. There, it is inquired how large can the deviations from the "standard" n = 3 value be. 
Also the recent work by Grassi A., Sironi G. and Strini, G., "Fractal Space-Time and Blackbody Radiation", 
Astrophys. Space Sci. 124 (1986) 203, is aimed at setting upper limits to such deviations. It should also be 
mentioned that in a recent paper of Gasperini, M., "Broken Lorentz symmetry and the dimension of space- 
time", Phys. Lett. B180 (1986) 221 it is shown that the modification of Newtonian potential - deviation 
from the 1 jr gravitational potential - following from a deviation of the number of spatial dimensions from the 
integer value of 3, can also be obtained in the usual four-dimensional context, provided the SO(3, 1) gauge 
symmetry of gravity is broken. Thus this result gives rise to the possibility of ambiguous interpretations for 
small deviations of the Newtonian gravitational law, but does not affect Coulomb's law. 

10 Further, for the transmission of a wave signal to be free of distortion it can be shown that n = 1 and 
n = 3 are the only possibilities. 

11 Furthermore Bragg's law has been obtained in an alternative way, without using matter waves and, 
therefore, independently of Huygens' construction. Indeed, it has been argued by Bush, R.T., in: "The de 
Broglie wave derivation for material particle diffraction re-examined: a rederivation without matter waves" , 
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under investigation. The difficulty comes from the fact that Hadamard's results apply to 
d'Alembert equation, of hyperbolic type, while Scrhodinger equation is parabolic. So, within 
the above assumption, we can conclude that thermal neutron diffraction gives an upper limit 
for spatial dimensionality which is an odd integer less than or of the order of five. 

We hope the gedanken experiment performed here, may, in practice, be carried out in 
the near future. 



6. Concluding remarks 

In this paper we have discussed the validity of applying the "stability postulate" to the 
problem of spatial dimensions. It was shown that this kind of approach naturally favor a 
priori n = 3. An alternative approach is proposed where, basically, it is suggested that one 
must first demonstrated that the ultimate law used to derive spatial dimensionality is valid in 
generic 5i n , rather than simply postulating the validity of the same equation for an arbitrary 
3ft ra . From this approach one finds that the constraint obtained on the spatial dimensions 
are not only weaker (upper limits) than those obtained by using stability arguments, but 
have also a different nature, which we consider more appropriate to this problem. The main 
advantage of our methodology is that it is able to bypass an essential difficulty inherent to 
the problem to the problem of the number of spatial dimensions, namely: n = 3 is never 
questioned a priori when a physical law is established. Clearly i t is not our scope to d educe 
the number of dimensions of space from a pure conceptual law Grassmann. Hi ( 18781 )]. but 
provide a constructive scheme to get at it. As stated in the Introduction, we believe that the 
structure of physical space - in particular its dimensionality - is a function of our conceptual 
scheme but it does not seem possible to deduce the spatial dimensionality from it. In the 
last analysis, one should resort to phenomenology to determine it. 

In this paper, the fundamental equations generalized to 9ft n were the Schrodinger equa- 
tion and the Einstein energy-mass relation. The validity of the de Broglie relation for any 
3? n properly supports the initial generalization of the Schrodinger equation (Section H]) and, 
at the same time, gives a justification for it, in general not found in other cases. Then, using 
this result, we have suggested the phenomenon of thermal neutron diffraction by crystals as 
a means to determine the number of spatial dimensions. As a consequence, we have found 
an upper limit for n, which is an odd integer (by assumption) less than or of the order of 



Lett. Nuovo Cimento 44 (1985) 683; "A theory of particle interference based upon the uncertainty principle, 
II. Additional consequences", ibid 36 (1983) 241, that a direct particle interpretation based on Heisenberg's 
uncertainty principle can be given to the interference pattern produced by a regular grating. 
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five. We consider the gedanken experiment performed in Section [5] an experimentum cruris 
for the problem of spatial dimensions and hope it may, in practice, be carried out in the near 
future. 

Let us now make some comments about the nature of the different approaches, consid- 
ering the physical problem of spatial dimensions, quoted in this paper. We can divide them 
into two distinct classes. The first one corr esponds to topologic al arguments: to this class 



belong Whitrow's bio-topolo gical argume n t |Whitrow. G.Jl ( 119551 )] and Poincare's argument 



based on the analysis situs Poincare. Hi (119171 )]. The kind of constraints obtained from it 



is a lower limit for spatial dimensionality, e.g., n > 3. In the second class, we group all 
other arguments where it is necessary to introduce a metric space and this seems to restrict 
the range of possible values of n. A metric space is introduced whenever we consider the 
existence of an interacting system as the starting-point in the discussion of the problem of 
spatial dimensions. It is clear to begin with an interacting system, knowledge of the form 
of the interaction - the physical law describing the phenomenon in a space-time manifold - 
is a necessary condition. This renders the class of "metric arguments" more "complete" a 
priori, in the sense that it contains more information than the class of "purely topological 
arguments" . The difference can be considered as the cause of the difference between the two 
types (or classes) of constraints for n. There is, however, an exception to this general picture 
that should be emphasized: the Maxwell electromagnetic theory. We would like to point out 
here its distinguished role in the physical problem of space dimensions. All the attempts to 
obtain the space dimensionality which are based upon the structure of Maxwell's equations 
(no matter whether they belong to the class of metric approach or not) give n — 3. 

It is not perhaps out of place to present now some almost obvious remarks about time 
(and space) "scale" of the arguments previously discussed. Ehrenfest's stability argument 
is valid for distances of the order of the solar system and in a time scale large enough to 
make the evolution of life possible on Earth (as mentioned by Whitro\J^I) . Tangherlini's 
work about the stability of H atoms can be invoked here to suggest the validity of chemistry 
in the same time scale as a necessary, although not sufficient, condition - at least chemical 
thermodynamics of irreversible process should be also valid. The presence of atomic spectra 
in remote stars may also indicate that space has had the same dimensionality at cosmic 
scale. To have such a cosmic constraint on space dimensionality is very interesting and we 
hope to treat this point in a future communication. 



12 One may add the following remark to Whitrow's argument about this subject Whitrow. G.J . ( 19551 )] 



It is not sufficient that the intensity of solar radiation on Earth's surface should not have fluctuated greatly 
for still having life on Earth. The fact that Sun's spectra of radiation did not fluctuate very much is also 
required. 
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It is also interesting to note that all the arguments presented up to now that depend 
ion the presence of matter are essentially metric. This is the case of Ehrenfest-Tangherlini- 
Whitrow. Topological arguments are basically related to the idea of a field - this is the case 
of Maxwell's theory, as mentioned before, and Wien's law, which involves, essentially, the 
equilibrium of radiation. 

As for most physical arguments used to obtain the spatial dimensionality it is necessary 
to introduce a metric space, our two last critical comments are dedicated to clarify some 
aspects involving it. 



Firstly, in Tangherlini. F.Rl ( 119631 )] the author was led to conclude that the stability 
postulate, applied to the N.K. problem, fixes the dimensionality of space and, at the same 
time, is an absolute prerequisite for a comparison of relative distances between bodies to 
be physically possible. However, taking into account the analysis we have done and the 
example we have proposed in the preceding Sections, we are led to conclude that, in fact, it 
is the physical interaction between two bodies, or two systems, that necessarily leads to the 
introduction of a metric-space in order to be able to obtain the numbe r of spatial dimension s 



in these cases; but neither the stability postulate nor a metric-space [Schonberg. Ml ( ]197ll )] 
are indeed necessary to fix the dimensionality of space. 

Secondly, we would like to point out that the necessity to have a metric-space for 
most physical arguments concerning the problem of spatial dimensions, brings with itself 
the notion of distance, traditionally based on the differential homogeneous quadratic form, 
ds 2 = g fiu dx ll dx l/ , which, in the last analysis, is an arbitrary choice - indeed there is no logical 
argument for excluding other forms for the line element as ds A , ds 6 , ds 8 etc. In spite of this 
(up to now) logical impossibility the importance of investigating the nature of the exponent 
2 was emphasized in an early work by Ehrenfest [1920]. His conjecture that this 2 could be 
related to the dimensionality of space is, however, yet to be demonstrated. Nevertheless, so 
far as the formula for a line element in a manifold of n dimensions is viewed as arbitrary, 
some care must clearly be exercised in advancing Ehrenfest's conjecture. If, on the contrary, 
this conjecture is shown to be actually true, we can ask whether it can be related in some 
way to Fermat's last theorem. 

In conclusion, we would like to say that although some epistemological difficulties con- 
cerning the use of "stability arguments" are bypassed by the methodology proposed in this 
paper, there remains, somehow, a certain incompleteness since a physical event takes place 
not only in space, but in space-time. Thus the problem of the number of space dimensions 
and that of time dimensions are probably not independent. One can then ask whether it is 
possible to propose a more general methodology which could be able to constrain not only 
the number of spatial dimensions but also, simultaneously, time dimensionality. Are these 
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numbers actually related? Is it possible to prove time to be one- dimensional by disclosing 
space dimensionality and/or vice- versa? It is our conviction that, in the future, further efforts 
should be made trying to answer these questions, whether or not a deeper comprehension 
on the problem of space dimensionality is to be reached. 
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Resume - Pourquoi l'espace a-t-il trois dimensions? La premiere reponse a cette question, 
completement fondee sur des raisons physiques, fut donee par Ehrenfest en 1917, qui mon- 
tra que la condition de stabilite pour un systeme planetaire a deux corps a n-dimensions 
pose des contraintes tres puissantes sur la dimensionalite de l'espace et favorise 3-d. Cette 
approche du probleme sera denommee "postulat de stabilite" dans cet article et, comme le 
montra Tangherlini en 1963, elle est ancore valable dans le domaine de la relativite generale 
ausi bien que pour l'atome d'hydrogene quantique, en donnant toujours la meme contrainte 
pour la dimensionalite de l'espace. Dans ce travail, avant de faire une analyse critique 
de la methodologie rappelee ci-dessus, nous faisons une breve discussion pour souligner et 
clarifier quelques aspects physique generaux du probleme relatif a la determination de la 
dimensionalite de l'espace. Ensuite, les consequences epistemologiques de la methodologie 
d'Ehrenfest seront revues de fagon critique. On propose un procede alternatif pour arriver a 
determiner le nombre de dimensions correct, dans lequel le postulat de stabilite (et les singu- 
larity implicites dans la physique a trois dimensions) ne constitue pas une partie essentielle 
de l'argumentation. De cette maniere, les principaux problemes epistemologiques contenus 
dans l'idee originale d'Ehrenfest sont evites. La methodologie alternative proposee dans ce 
travail est batie sur la realisation et la discussion de la theorie quantique a n-dimensions 
exprimee par la loi de Planck, la formule de de Broglie et la relation d'incertitude de Heisen- 
berg. Par consequent, il est possible de proposer une experience, basee sur la diffraction 
des neutrons thermiques par des cristaux, pour mesurer directement la dimensionalite de 
l'espace. Finalement, le role particulier joue par la theorie electromagnetique de Maxwell 
pour la determination de la dimensionalite de l'espace est souligne. 
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